Cement and Concrete Research 38 (2008) 1315-1324

journal homepage: http://ees.elsevier.com/CEMCON/default.asp

Contents lists available at ScienceDirect

Cement and Concrete Research

Cement and
Concrete
Research

Predictions and verifications of early-age stress development in hydrating blended

cement concrete

Ivindra Pane **, Will Hansen P

2 Department of Civil Engineering, Bandung Institute of Technology, Ganeca 10, Bandung 40132, Indonesia
b Department of Civil and Environmental Engineering, University of Michigan, Ann Arbor MI 48109, USA

ARTICLE INFO ABSTRACT

Article history:
Received 9 May 2006
Accepted 5 May 2008

Keywords:
Aging
Hydration
Creep
Relaxation
Early-age
Autogeneous
Shrinkage
Strength

A procedure for calculating the early-age stress development in concrete incorporating the aging viscoelastic
effects is presented in this paper. The important features of the present procedure are the use of tensile creep
and inclusion of heat of hydration. The latter is used as an aging parameter and incorporates the effect of
temperature on age-dependent material parameters. To validate stress predictions, experiments to measure
early-age stress development in concrete mixes made of blended cements were conducted. The predictions
were found to be accurate and could be improved when the effect of temperature was included. Effects of
using mineral additives (fly ash, slag, and silica fume) appeared to be beneficial in reducing the risk of
cracking at early ages. The effect of temperature gradient was also studied when the stress calculation was
applied to pavement or foundation slabs resting on a very stiff subgrade.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Early-age stresses develop due to restrained deformations. In the
absence of drying shrinkage and other environmentally assisted
deformations, the early-age deformation consist of thermal and
autogeneous components [1-3]. The mechanical properties required
for inputs in the early-age stress analysis have been previously well
known [2,3]. However, the impacts of both deformation components
and of relevant mechanical properties on the early-age stress have not
been thoroughly investigated.

A number of studies have focused on developing procedures for
predicting early-age stress development, predominantly by research-
ers in Europe. In [2], numerical methods based on integral and rate
formulation were presented and validated experimentally. This study
however, excluded the autogeneous deformation component. In
recent investigations by Ulm and Coussy [4], Sercombe et al. [5], and
Hellmich et al. [6], temperature was not only numerically predicted
but was also included in the creep function. In their formulations,
some fundamental thermodynamic arguments were used. Other
studies have focused on specific issues like the mechanism of
autogeneous deformation [1,3,7] and the maturity concept [8-10].
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Some of these studies considered silica fume systems [3,7,9]. However,
very little work has been done on other mineral additives such as fly
ash and slag.

Implications of using different mineral additives on properties that
control the early-age stress behavior (Young's modulus, creep, relaxation,
autogeneous deformation, and coefficient of thermal dilation) and on the
early-age stress response are investigated in a two-part study. In part one
[11], hydration was used as a fundamental measure of aging. Therein, key
properties as affected by time and temperature that were needed in stress
predictions were presented and correlated to heat of hydration. The latter
has been chosen to be the general measure of aging. In this second part, the
emphasize is on the prediction of the early age stress development. It uses
the experimental data and the material models provided in [11]. The main
objectives of this second part are twofold: to analyze the impact of using
blended cements on the early-age stress development and to predict the
early age stress development in a pavement slab subjected to general
temperature variations. The calculation procedure incorporates the effects
of temperature upon hydration, viscoelastic properties and autogeneous
deformation.

2. Experiments
As in the previous study [11], eight concrete mixes were tested. The

water to binder ratios (w/b) were 0.35 and 0.45. The cement and
mineral additives used were: ordinary Portland cement type I (OPC),
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fly ash class F (FA), ground granulated blast furnace slag (GGB), and
silica fume (SF). Chemical compositions of these materials are given in
Table 1. Natural glacial gravel (gradation 6AA according to Michigan
Department of Transportation classification) and class II sand
(Michigan Department of Transportation classification) were chosen
as coarse and fine aggregates. Concrete mixes and their designations
are given in Table 2. The binders (OPC plus mineral additives) contain
25% FA, 25% GGBF, and 10% SF (cement replacement by weight)
Table 1. These proportions can be considered moderate and common
in practice for users of FA, GGBF, and SF. The binder content of all
concrete mixes was kept fixed at 350 kg/m>.

The stress development of a concrete specimen at early ages was
measured by a horizontal frame specially built for the purpose. The frame,
as schematically shown in Fig. 1, can fix the position of the actuator or it can
also be controlled to produce a zero displacement on the specimen.
However, installing linear variable transducers (LVDT) on hardening
concrete specimen is a very difficult task. Therefore, the first method was
performed for this study. The measurement assumed a uniaxial condition.
A specimen of 820 mm long with 100 mm by 100 mm cross section (Fig. 1)
was cast directly onto a foam-insulated mold held by the frame. The mold
was equipped with copper pipes that could circulate water from a heating-
cooling control bath. The temperature history and heating or cooling of the
specimen was performed by the flowing water. The measurement started
immediately after casting. The temperature field in the specimen was
measured by at least three thermocouples. Due to the small cross sectional
dimensions, the specimen was found to have a quite uniform temperature
distribution at all times.

In general, it was often not possible to apply the same temperature
history to the specimen because the initial temperature of concrete right
after casting could not be made the same. The end temperature and the
duration of cooling are easier to control. In this study, two cases were
considered. In both cases the end temperature was about 40 °C and the
concrete was slowly heated up to about 35 °C prior to cooling. For most
cases, the time required to heat up the concrete was about 12 to 18 h. In the
first case, the period required to cool the concrete down to 4 °C was 48 h,
while in the second case the period was 24 h.

3. Uniaxial stress calculations
3.1. Important material parameters

In [11], several constitutive functions and parameters have been
presented. Inputs needed for calculating the viscoelastic early-age
stress can be summarized as:

1. Heat of hydration (Q).
2. Autogeneous deformation (&,).

Table 1

Binder compositions

Compound (%) OPC 1 Fly ash GGBF SF

Si0, 204 574 375 94.5

Al,03 5 18.2 7.8 0.3

Fe,05 2.5 53 0.4 0.9

Ca0 62.4 8.3 38 0.5

MgO 34 3.7 10.7 0.9

SO3 2.8 0.9 32 -

Na,O 0.3 114 0.3 -

K,0 0.7 1 0.5 -

TiO, - 1.2 0.4 -

P»0s - 0.36 - -

Mn,03 - - 0.6 -

Sr0 - 0.7 0.1 -

ZnO - 0.1 - -

Loss ign. 2.6 0.2 0.6 19

% weight C3S C2S C3A C4AF Blaine (cm?/g)
OPC 1 53.7 18 9.1 7.6 4290

Table 2

Mix design information

Mix no. % OPC | % Additive w/b
45-1 100 0 0.45
45-2 75 25 (FA) 0.45
45-3 75 25 (GGBF) 0.45
45-4 90 10 (SF) 0.45
35-1 100 0 0.35
35-2 75 25 (FA) 0.35
35-3 75 25 (GGBF) 0.35
35-4 90 10 (SF) 0.35

3. Temperature history (T).

4. Coefficient of thermal dilation (o).

5. Relaxation modulus (R).

6. Young's modulus (E) and Poison's ratio ().

Almost all material parameters listed above relate to hydration.
The coefficient of thermal dilation was not found to vary significantly
after 24 h and thus, is assumed constant [1,11]. The other material
parameter that can be assumed constant is the Poisson's ratio [12,13].

The effect of temperature and the method to calculate heat of
hydration of blended cement concrete due to any arbitrary tempera-
ture history have been presented in [14,15]. It requires a set of material
parameters (A;, B;, and C;) that can be generated using a three-
parameter model. These material parameters are listed in Table 3.
Meanwhile, for the relaxation modulus as a function of time (t) and
age (t') expressed by:

w4 L=t £ my ()P
R“’”*’”‘(”@ 1+[(t‘t')/m2(f’)]p> M
m Q) = EQ(t') = ki Q% (t") @)
Y
ma(Q(e) = (g ) )

six material parameters are needed: k;, ko, p, o, 3, and <. These
parameters are given in Table 4 for all mixes. The inputs for the
coefficient of thermal dilation and autogeneous deformations have
been given in [11].

In this study, two deformation components are considered:
thermal and autogeneous deformations. The other deformation
component such as drying shrinkage is not considered since it
develops much more slowly over time. Inclusion of drying shrinkage
also requires more experimental data and a more rigorous analytical
treatment and will not be pursued here.

3.2. Stress calculation

Two methods that are widely used to perform stress calculations are
based on the superposition integral or the integral formulation and the
Dirichlet series expansion or the rate type formulation [12]. Using the
integral formulation, the calculation of stress due to restrained thermal
and autogeneous deformations can be performed in two ways. First by a
direct use of the creep compliance, which leads to solving for o(t) in:

e(t)=er()=€a(t) = o J(t. t)do(t)) 4)

and second, by using the relaxation modulus which requires solving
for

o(t) = o R(t, t')d(e(t)~€r(t)=€a(0)). (5)

In both equations above, the strain components have been split into
three terms: the load induced strain (¢), the thermal strain (&r), and the
autogeneous strain (&g,). For the early-age problem at hand, the load
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Fig. 1. Schematic plan view of testing frame for early-age stress measurement.

induced strain is zero. The stress calculation based on the rate formulation
can be done using the Dirichlet series representation of the relaxation
modulus. In the rate formulation, the series representation of relaxation
modulus allows the integral formulation to be converted into a set of first
order ordinary differential equations of the form:

% % = E(t)(e(t)=¢r(t)=¢a(t)) ©
o(t) = Y5y oult). o

The rate type formulation essentially allows for a more efficient
computation. Unfortunately, in this study, the series representation of the
relaxation modulus cannot be obtained in closed form and is too
complicated to model [11]. Thus, the integral formulation was chosen
instead. Further, the solution was obtained using Eq. (5) instead of Eq. (4).

The stress calculation incorporating the effect of temperature on
aging was done by replacing age (t') with heat of hydration (Q). Due to
the non-isothermal temperature history, the heat of hydration had to
be calculated numerically using the method given in [14]. Then, the
early-age stress history was calculated using Eq. (5) above. The
coefficient of thermal dilation (o) has been considered constant
following the finding in [11], so the thermal strain is linearly
proportional to T. The stress is calculated numerically using the
following form:

o(t) = fo R(t,Q(t))d[-arT(t')-ea(Q(t))]
= o f5 R(t,Q(t)dT(t)=f5 R(t,Q(t')dea(Q(t))

(8)

where R is expressed by Eq. (1). The numerical integration chosen
here is the trapezoidal rule which is known to be very accurate [13].

According to the numerical scheme given in therein, the stress
increment can be calculated using:

arAT; + Agy
A0 (ti41) :_%[R(tjﬂ-,tj—l) + R(tj1, 1) - )
At time f(; + 13, the stress increment due to ATj and Ag,; is:

arAT; + Agy
A0 (ti11) = =LA R (G, 1) + R(E, i) (10)

2
The total stress at time t;; + 13 is the sum of the stresses due to
increments of AT; and A, applied during all the previous intervals:

o(ti1) = Yoy A0j(tia). (1)

3.3. Verification with experiments

The above procedure is now used to predict the stress development
measured in the early-age stress experiment. The results are shown in
Figs. 1-6. In each figure, both temperature and stress history are shown.
In addition, the development of split tensile strength (f;) is also shown.
Notice that 0.85 f;, is plotted instead of fp. This is done in order to take
into account the effect of deformation rate on strength. The strength
measured at very slow deformation rates, such as in our case, has been
reported to be around 85% of the value measured at a medium rate [ 16-
18]. Plotting f;, in each figure also allows us to check the assumption
made in formulating Eq. (1), which is linear superposition of stress. In
most mixes, the stresses measured do not exceed 70% of 0.85 f;,. In has
been shown in [2] that nonlinearity due to microcracking of concrete
does not begin below about 80% of the ultimate strength.

Two stress predictions are made, first, including the effect of tempe-
rature on aging and second, without including the effect. These prediction
are indicated as, respectively, pred. 1 (solid lines) and pred. 2 (dashed lines)
in Figs. 2-7. Overall, the predictions including the temperature effect are
more accurate compared to the prediction without the temperature effect.

Table 3 Table 4

Parameters A;, B;, and C; generated from the isothermal heat data Material parameters for the relaxation modulus

Mix no. Ao Ay Bo By Co G Mix no. Kq ky p o B v
45-1 389 0.997 930 1.336 0.574 0.013 45-1 1035 0.765 0.7 0.197 363 1.752
45-2 357 0.421 1223 1.349 0.539 0.008 45-2 107 1.333 0.56 1.00 327 1.268
45-3 457 2.207 2562 1.536 0.320 0.14 45-3 1011 0.773 0.6 0.036 453 5.375
45-4 389 1.253 1197 1.362 0.499 0.007 45-4 591 0.938 0.6 0.10 338 1.596
35-1 313 0.299 564 1.254 0.750 0.009 35-1 151 1.308 0.7 0.27 303 1314
35-2 324 1.033 898 1.313 0.616 0.008 35-2 171 1.295 0.7 0.215 291 1195
35-3 367 1.214 1392 1424 0.411 0.015 35-3 811 0.893 0.56 0.102 322 1194
35-4 2945 -0.156 526 1.199 0.712 0.002 35-4 841 0.879 0.7 0.044 330 1.583
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Fig. 2. Early-age stress development in mix 45-1.
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This is to be expected since at early ages, temperature significantly
accelerates the development of viscoelastic properties.

The effect of different temperature history can be seen in Figs. 3-6. The
response of concrete subjected to two different temperature history is
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Fig. 4. Early-age stress development in mix 35-1, second test.

clear, since concrete properties develop differently under different tempe-
rature history. As before, the predictions including the temperature effect
appear to be very accurate. This suggests that a significant improvement
from the ordinary method can be made using the proposed procedure.
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Fig. 5. Early-age stress development in mix 35-2.
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Fig. 6. Early-age stress development in mix 35-2, second test.

3.4. Effect of mineral additives

To study the early-age stress of concrete containing different
additives, one temperature history has to be chosen as a reference.
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Fig. 7. Early-age stress development in mix 35-3.
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Fig. 8. Effects of mineral additive on early age-stress.

Fig. 8 shows the results of stress development in different concrete
mixes subjected to the temperature history that belongs to mix 45-1.
Essentially, the presence of additives reduces the magnitude of early-
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Fig. 9. Temperature and stress history for studying effects of aging.
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age stress. Such a reduction is even more apparent in mixes having a
lower water-binder ratio (w/b). The stress in mixes containing silica
fume (45-4 and 35-4) appears to be lower than the stress in any other
mixes. This also confirms the finding observed in [11], when the
normalized relaxation modulus of different mixes are compared. From
the above findings, it is conclusive that the use of additives can be
beneficial in reducing the risk of early-age cracking.

It is necessary to know that what has been observed only applies
for the concrete mixes under investigation. While the percentages of
FA, GGBF, and SF used in this study are common in practice, more
studies are needed to generalize the finding to wider range of concrete
mixes blended with FA, GGBF, and SF.

3.5. Effect of aging

In previous discussions, the effect of temperature on aging has
been shown to be significant. To further elaborate this effect the stress
development is predicted for one concrete mix subjected to a set of
unique temperature history. After the temperature is held constant for
certain periods of time, t,, it is dropped at the rate of 5 °C/h. The
purpose is to see how the stress develops in concrete that is allowed to
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Fig. 17. Stress profiles across the slab thickness.
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reach different levels of hydration before subjected to a temperature
drop. For this purpose, mix 35-1 is chosen as an example.

The temperature history and the predicted stress development are
illustrated in Fig. 9. As expected, the temperature drop causes significant
tensile stress development. In order to clearly see the effect of aging during
the period where the temperature drops, it is necessary to plot the stress
with the relative time t - t,. In Fig. 10, the stress normalized by 0.85 f;, is
plotted against t - t,. Also given in Fig. 10 is the limit when cracking occurs.
It can be seen that larger ¢, results in a more rapid increase of tensile stress.
Further, as illustrated in Fig. 11, larger t, causes the cracking stress to be
reached earlier. Of course the stress close to the cracking stress cannot be
predicted using the superposition principle because the constitutive
behavior is no longer linear viscoelastic. However, assessment made using
the linearity assumption can still be useful, at least up to 80% of the
ultimate value. In view of this argument, it can be said that larger t,
increased the risk of early-age cracking. Some simulations have also been
made to study the effect of the cooling rate. Essentially, such simulations
suggested that reducing the cooling rate can lead to lowering the
magnitude of tensile stress.

4. Application to foundation or pavement slabs

Considered in this section are calculations of early-age stresses in thin
pavement or foundation slabs due to general temperature profiles. The
formulation first begins with the thermoelastic case, then proceeds to the
thermo-viscoelastic case by applying the elastic-viscoelastic analogy. The
solutions are derived for two cases: without through-thickness property
variation and with through-thickness property variation. The solution
procedure for the foundation or pavement slabs will be presented for
plates satisfying the following conditions:

1. Plane sections remain plane.

2. Temperature varies only through the slab thickness, T(x,y,z) = T(z).
3. The slab rests on very stiff foundations or subgrade.

4. Drying shrinkage is excluded.

4.1. Elastic stress

When a slab rests on a very stiff foundation, any axial and bending
deformations produced by temperature can be completely restrained.
Stress components associated with the restrained slab are obtained by
superimposing the stress components from the unrestrained condi-
tion with the stress required to restrain the free strains and curvatures
above. In this study, three cases are considered:

1. Case A, the bending deformation is restrained.
2. Case B, the axial deformation is restrained.
3. Case C, both bending and axial deformations are restrained.

The stress components needed to restrain the deformations can be
obtained by applying boundary forces that cancel such deformations.
The derivation of these forces as well as other important quantities
can be found in Appendix. Their final forms are:

My

N
NXJ’ = Nyf = 77- ) Mx,r = My‘r = 1-»

T (12)
where expressions for Ny and My are given in Eq. (A6) of Appen-
dix. The total stresses can be obtained from Eq. (A7) by substi-
tuting Ny, Ny, M,, and M, with, respectively, Ny, Ny, My, and
M, given above.

The total stress components are found to be:

Oxx = Oyy = % (—aTET + %) ;for case A, (13)

12M;z
h3

Oxx = Oyy = % (—aTET + >;for case B, (14)

orET
1-v

O =Oyy =~ ;for case C. (15)

4.2. Viscoelastic stress with through-thickness properties variation

The thermo-viscoelastic stress calculation can be done by applying
the elastic-viscoelastic analogy. According to [16] the viscoelastic
stress can be calculated using:

R(t, ')
E())

In the expression above, the Poisson's ratio is assumed to be time
independent, which is valid for most concrete materials [12].
Generalization of Eq. (16) to the problem involving through-thickness
variations of E and R can be done by keeping E and R in the integrand.
The general expressions for the viscoelastic stresses when aging
is expressed in terms of heat Q and the autogeneous strain is
included are:

o) =f§ do®l(t"). (16)

—_

Oxx(2,t) = "1 J§ R(t,Q(t,2)[ordT(t', z) + dea(Q(t',2))]
Nz (t)
+ (g - (17)
N7 (6) = J7 T R(6,QUE, 2))[erdT (1, 2) + dea(Q(, 2))])dz (18)
for case A,
Ow(z,t) = —% J5 R(t,Q(t,2))[ardT(t,2) + dea(Q(t', 2)))]
12M(t,
+ide (19)

My (t,z) = sz‘,{/zz J§ R(t,Q(t,2)[ordT(t', z) + dea(Q(t',2))]zdz (20)

for case B, and
Oalz.) = =15 [§ R(E, Q. 2)[erdT(E'2) + dea( Q1)) o1
for case C.

4.3. Viscoelastic stress without through-thickness properties variation

The case without through-thickness properties variation is
essentially a simplification of the previous case. The only difference
is that the spatial and time integrations can now exchange places. So
the viscoelastic stress can be expressed as:

Oxx(2,t) = -% J§ R(t, ) [ardT (', 2) + dea(t') + dNr(t')/h]

dNr(¢') = [ [erdT(t', 2) + dea(t))]dz (22)
for case A,

Ow(z,t) = -% JE R(t, ) [ardT (', 2) + dea(t') + 12dMr (¢, 2)/h3]

dMy(t') = z J17 lardT (¢, 2) + dea(t'))2dz (23)
for case B, and
Ox(z,t) = —% 5 R(t, t)[ardT(t', 2) + dea(t')] (24)

for case C.
4.4. Application
The procedure presented above is now applied to a concrete slab

subjected to a real temperature history. The experimental work
regarding the temperature measurement has been detailed elsewhere
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[19]. Essentially, the temperature profiles of a slab resting on granular
subbase was measured under a certain history of ambient tempera-
ture. The data was collected for a 26.7 cm thick slab every 15 min. The
temperature history measured is shown in Fig. 12 for ambient and
three other locations in the slab (top, middle, and bottom). The
temperature profiles at different time are shown in Fig. 13.

To calculate the stress development, material properties corre-
sponding to mix 35-1 are used. The first prediction in Figs. 14-16 is
made for case C. As seen, the difference in temperature history in each
location results in different stress development. Furthermore, it can be
seen that the calculation considering the variation of properties
through the slab thickness can be significantly different from the one
without considering the variation of properties. In this study, the
maximum stress is found to be on top of the slab. In general, the
location of the maximum stress depends strongly on the temperature
history. However, in field concrete, the top surface is also exposed to
drying which causes shrinkage in addition to thermal deformation.
Under this situation the top surface of the slab possibly experiences
the greatest stress.

Stress profiles for all three cases are given in Fig. 17. In each figure,
stresses are calculated with (solid lines) and without (dashed lines)
considering the through-thickness variation (or effect of tempera-
ture). Both calculations seem to be very similar in case A but not in
case B or C. The stress profiles are notably different in different cases.
In case A, where only bending deformation is restrained, the tensile
stress appears to be low. On the other hand, the tensile stress is seen to
be much higher in case B. Meanwhile the stress profiles in case C,
where both bending and axial deformations are restrained, tend to
follow the stress profiles in case B. This suggests that a significant
contribution to tensile stress is given by restrained axial deformation.
Under general temperature history however, there certainly is a
possibility that restrained bending deformations can also contribute
significantly to tensile stress.

5. Conclusions

Early-age experiments on creep, thermal and autogeneous defor-
mations, early-age stress development, hydration kinetics and early-
age stress predictions have resulted in new knowledge on the
thermomechanical response of hydrating concrete. Valuable material
parameters were obtained from these experiments and were
described in part I of this study.

An improved method for predicting the early-age stress was
developed in this study making use of the material parameters that
are obtained and modeled in [11]. It is concluded that the accuracy of
the early-age stress prediction can be significantly improved by
including the effect of temperature on the property development. This
was accomplished using relations between heat of hydration and the
relaxation modulus and autogeneous shrinkage. The use of blended
cements appears to be beneficial in reducing the risk of early-age
cracking. Their presence influences the relaxation modulus of
concrete significantly. In general, the cracking tendency of a concrete
mix can be seen as the competition between the strength develop-
ment and the early age stress development.

Input parameters such as temperature history strongly alter aging
characteristics of relaxation modulus and the stress development and
the risk of cracking with time. A simulation has been done to see how
different holding periods prior to cooling the concrete at the same rate
can significantly change the early-age stress behavior. Such a
simulation basically suggests that cooling should be postponed until
concrete gains enough strength. In addition, from other simulations
we found that lowering the cooling rate can reduce the stress
magnitude.

In the case of the stress distribution in a concrete slab, the
improved method differ by about 0-40% from the standard method.
Because the difference can be very significant depending on he type of

material and temperature history, accurate stress predictions in a
concrete slab having variations of temperature history (thus also
property variation) through the thickness should be done using the
improved method.
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Appendix. Elastic thermal stress in a slab

The strain components in the slab can be expressed in terms of in
plane displacements in x and y directions, u and v, and deflection w
[20]:

g —@—zaz—w' 3 f@—zaz—w' u, v Zz—azw (A1)
XTox Tox2t W Ty “oy2 Yo = ay " ox “Toxoy”

From the elastic stress-strain relationship (Hooke's law), stress
components are:

O = [Exx + vEyy—(1 + v)orrT]

1-12

E
Oy =13 [eyy + vE—(1+v)arT]; Ty = m%‘y (A2)
where ar is the coefficient of thermal dilation (CTD) and other
parameters are as described earlier in the main text. The force
components (N for normal and M for bending forces) can be obtained
by integrating the stress and can be written in terms of u, v, and w

such as:

M=o (v ) 1
Mx:_D<?;TVZV+V?;X2> iVI%: Mxy:_D(l_V)g)j;; (A4)
Vx:-D(?;T‘;V' Vy:—Di);TV; (A3)

where D = Eh3/12/(1 - 1) is the flexural rigidity and thermal normal
and bending forces per unit length Nrand My are:

Ny = ey [47%ETdz; My = o [ ETzdz (A6)

Notice that in defining Ny and My, E is kept inside the integrand to
allow for the formulation involving the variation of mechanical
properties through the thickness. Meanwhile, o is kept outside the
integrand since it has been found to be relatively constant.

After substitution involving Eqs. (A3) to (A6), the stress compo-
nents can be expressed in terms of the forces:

1 2z
(TXX:IT{—(XTET+I1[ (1-v)Nx + Nr] + h3 [(1-v)My +MT]}
1 12z
Oy = 74 ~rET +1 LNy + N + T [(1=0)My + Mr]
Ny 12
Ty =T hsz Myy. (A7)
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In the case of the unrestrained plate where all edges are traction-
free, the elastic stress solution can be obtained by satisfying the
equilibrium condition at the free edges:

h/2
-h/2

Oz = fff/zzayydz =0; [ f,{fzoxxzdz = f,{/zzoyyzdz =0. (A%)

The boundary conditions for shear forces are not considered since
the thermal strain does not contribute to shear deformations and thus,
the shear forces are always zero everywhere. The same argument also
holds to the twisting moment. It is easy to see from Eqs. (A3), (A4) and
(A6) that Ny, Ny, M, , and M, must be zero everywhere. Thus the
elastic stress components now become:

v Oxy = 0. (A9)

1 Nr  12M;z

Ow =0y =3 {—aTET+TT + h3T }

The strain components and the curvature can be found using Egs.
(A1) to (A6),

u_v_ o Pw Pw 12 o
ax "oy~ CrhanaTi G =G = e Tedz. (A10)
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